Abstract: This study presents the thermoelastic analysis of laminated composite plates subjected to sinusoidal thermal load linearly varying across the thickness. Analytical solutions for thermal displacements and stresses are investigated by using a unified plate theory which includes different functions in terms of thickness coordinate to represent the effect of shear deformation. The theory presented is variationally consistent, does not require shear correction factor, and gives rise to transverse shear stress variation such that the transverse shear stresses vary parabolically across the thickness satisfying shear stress free surface conditions. Governing equations of equilibrium and associated boundary conditions of the theory are obtained using the principle of virtual work. The Navier solution for simply supported laminated composite plates has been developed. Numerical results are presented to demonstrate the thermal response of the laminated composite plates.
Introduction
The composite laminates used in many engineering applications are often subjected to moderate to severe environment or process based thermal loading causing significant thermal stresses due to thermal gradient across the thickness. Thermal stresses, particularly at the interface between two different materials can be a significant factor in the failure of laminated composite structures. Thus, there is a necessity to predict more accurately the thermal stresses in composite structures. The well-known classical laminated plate theory (CLPT) which is based on the Kirchhoff hypothesis that straight lines normal to the mid-plane before deformation remain straight and normal to the mid-plane after deformation. This implies that the transverse shear strains/stresses vanish. Pell [1] , Stavsky [2] , Jones [3] , Wu and Tauchert [4] Noor and Burton [5] and Vel and Batra [6] used CLPT for the bending analysis of plates subjected to thermal load. First order shear deformation theory (FSDT) is considered as an improvement over the CLPT which is based on the hypothesis that straight lines normal to the mid-plane before deformation remain straight but not necessarily normal to the mid-plane after deformation. Mindlin [7] provided displacement based first order shear deformation theory. In FSDT, the transverse shear strains/stresses are assumed to be constant across the thickness, and thus required problem dependent shear correction factor. Reddy [8] presented thermal stresses in laminated composite plates using CLPT and FSDT. Many higher order plate theories for the thermal analysis of laminated plates have been reported in the literature. Tauchert [9] provided exact thermo-elasticity solutions to the plane-strain deformation of orthotropic simply supported laminates using the method of displacement potentials. Reddy [10] has developed well known simple third order shear deformation theory for the mechanical/thermal analysis of laminated composite plates. Khdeir and Reddy [11] presented stresses and deflections of cross-ply laminated plates under thermal load using refined plate theories whereas Murakami [12] studied thermo-mechanical response of layered plates using various plate theories. Noor and Burton [13] reviews the various computational models for high-temperature multilayered composite plates and shells. Tungikar and Rao [14] , Noor et al. [15] and Savoia and Reddy [16, 17] provided ex-act three dimensional solutions for thermal stresses of simply supported anisotropic rectangular laminates. Fares and Zenkour [18] developed a mixed variational formula for the thermal and thermo-mechanical bending of laminated plates. Pantano and Averill [19] presented finite element model based on first order zig-zag sub-laminate approximation for thermal analysis of laminated composite and sandwich plates. Fares et al. [20] used first order theory Reissner's mixed variational principle for the thermal analysis of laminated composite plates including the geometric non-linearity. Rohwer et al. [21] used higher order plate theories to predict the thermal stresses in layered plates whereas Cho and Oh [22] used zig-zag plate theories for the analysis of plates under the combined thermo-electric-mechanical loads. An analytical solution for bending analysis of cross-ply laminated plates under thermo-mechanical loading is presented by Zenkour [23] based on unified shear deformation plate theory. Matsunaga [24] carried out comparison between single-layer and layerwise theories for computing interlaminar stresses of laminated composite and sandwich plates subjected to thermal loadings. Carrera and Ciuffreda [25] assessed the various plate theories for thermal stress analysis of multilayered composite plates. Kapuria and Achary [26] presented an efficient higher order zigzag theory for laminated plates subjected to thermal loading. Robaldo et al. [27] presented various finite plate elements for the thermal stress analysis of multilayered anisotropic structures. Thermally-induced transverse displacement of cross-ply and angle-ply composite plate is investigated by Akour and Nayfeh [28] . Based on the global-local higherorder theory, Zhen and Wanji [29] presented interlaminar stresses and displacements in laminated composite plates subjected to thermal loading. Matsunaga [30] developed a two-dimensional global higher-order deformation theory for thermal buckling of angle-ply laminated composite and sandwich plates. The global-local higher order theory for the thermal analysis of plate is studied by Wu et al. [31] and Zhen and Wanji [32] . Gao and Zhao [33] presented a refined theory of thermo-elastic rectangular plates. A semianalytical model for composite plates subjected to a sinusoidal thermal load has been developed by Kant et al. [34] . Matsunaga [35] developed a two-dimensional higher-order deformation theory for the evaluation of displacements and stresses in functionally graded plates subjected to thermal and mechanical loadings. Leetsch et al. [36] studied the 3D thermo-mechanical behavior of functionally graded plates subjected to transverse thermal loads using 2D finite plate elements. Nguyen and Caron [37] carried out finite element analysis of free-edge stresses in composite laminates under mechanical and thermal loading. Zhen et al. [38] analyzed angle-ply laminated composite and sandwich plates under thermo-mechanical loading using a refined global-local higher-order theory considering the transverse normal strain. Avalishvili et al. [39] developed non-classical three-dimensional model for thermoelastic plates with variable thickness. Pilipchuk et al. [40] obtained the exact solution of the linear elasticity theory for bending of sandwich plate-like beams due to temperature difference at the plate faces. Three-dimensional thermoelastic analysis of simply supported rectangular plates with variable thickness and subjected to thermo-mechanical loads is investigated by Xu et al. [41] . Zenkour and Alghamdi [42] studied the bending response of sandwich plates subjected to thermo-mechanical loads. Thermal deformations in symmetric and antisymmetric cross-ply laminated arches are investigated by Khdeir [43] . Finite element modelling including the transverse normal effect is presented by Vidal and Polit [44] in the framework of the thermoelastic coupling. The thermoelastic bending analysis of functionally graded sandwich plates using the twovariable refined plate theory is presented by Houari et al. [45] . Zhen and Li [46] proposed a global-local higherorder theory for thermal stress analysis of simply supported laminated composite plates by introducing transverse normal thermal deformation in the transverse displacement field. Refined shear deformation theories in which trigonometric functions are used to represent the effect of shear deformation are called as trigonometric shear deformation theories. The sinusoidal shear deformation plate theory is used by Zenkour and Sobhy [47] to study the thermal buckling of functionally graded material sandwich plates. Recently, Zenkour [48] applied sinusoidal shear deformation plate theory to study the bending response of multilayered angle-ply composite plates due to a variation in temperature and moisture concentrations. Mechab [49] also developed new trigonometric shear deformation theory for the thermo-mechanical analysis of laminated composite plates. Zenkour et al. [50] also applied sinusoidal shear deformation plate theory to study the bending response of cross-ply laminated plates resting on elastic foundations under thermo-mechanical loading. Recently, Ghugal and Kulkarni [51] [52] [53] have used trigonometric shear deformation theory for the thermal analysis of isotropic, orthotropic and laminated composite plates. Soldatos [54] developed hyperbolic shear deformation theory for the analysis of plates which is further extended by Sayyad et al. [55] for the thermo-mechanical analysis of orthotropic plates. Karama et al. [56] developed exponential shear deformation theory for the analysis of plates whereas Akavci [57] has developed a new hyperbolic shear defor-mation theory considering tangent and secant functions to represent the shear deformation. The present study deals with the flexural analysis of laminated composite plates using various shear deformation theories which contain polynomial, trigonometric, hyperbolic and exponential functions in terms of thickness coordinate to represent the displacement variation across the thickness. The governing differential equations and associated boundary conditions are obtained by using the principle of virtual work.
Mathematical Formulation

Laminated plate under consideration
Consider a rectangular laminated plate composed of N number of orthotropic layers as shown in Figure 1 bonding between the orthotropic layers and temperatureindependent mechanical and thermal properties are assumed. The plate is subjected to a mechanical load q(x, y) and thermal load T(x, y, z).
Displacement field
For the bending analysis, the displacement field of a unified shear deformation theory at a point in the laminated plate is expressed as:
where U, V and W are the in-plane displacements of the mid-plane in x, y and z−directions respectively ϕ(x, y) and ψ(x, y) are the shear rotations. The function f (z) is chosen based on shearing stress distribution across the thickness of the plate.
Theory Model f(z)
Parabolic shear deformation theory of Reddy [8] PSDT
Trigonometric shear deformation theory Ghugal and Kulkarni [51] [52] [53] TSDT
Hyperbolic shear deformation theory of Soldatos [54] HSDT
Exponential shear deformation theory of Karama et al. [56] ESDT
Hyperbolic shear deformation theory of Akavci [57] 
First order-shear deformation theory of Mindlin [7] FSDT z Classical plate theory CLPT 0
Strain-displacement relation
For the small plate deformation, the six strain components (εx, εy, εz, ɣ xy , ɣ zx , ɣ yz ) and three displacement components (U, V , W) are related according to the well-known linear kinematic relations.
By applying the strain displacement relations of threedimensional elasticity to the displacement field given by Eq. (1), one obtains the following approximate strain field.
Stress-strain relationship
The stress components associated with strains given by Eq. (3) considering transverse shear deformation and thermal effects, in the plate coordinates for the k th layer can be expressed as:
where αx and αy are the thermal expansion coefficients in the common structural axis systems, T = zT 1 (x, y) is the thermal load andQ ij are the transformed elastic coefficients. 
Resultant forces and moments
The resultant forces and moments of a laminated composite plate can be obtained by integrating Eq. (4) through thickness, and are written as: 
Governing equations and boundary conditions
Governing equations and boundary conditions of the unified shear deformation theory can be obtained using the 
The following are the boundary conditions obtained at the edges x = 0 and x = a: 
Thermoelastic analysis of cross-ply laminated plates
Bending solutions of Eq. (20) for a simply supported crossply laminated square plate are obtained by using the Navier approach. The plate is subjected to thermal load (T) only and mechanical load (q) is assumed to be zero. The following simply supported boundary conditions are assumed. 
where α = π/a, β = π/b and T 0 is the maximum intensity of thermal load at center of plate. The following middle surface displacement functions are assumed which satisfies the boundary conditions and the governing equations of simply supported laminated composite plates:
Substitution of solution form given by Eq. (29) into governing equations (21)- (25) and setting value of mechanical load (q) zero, results into a system of the algebraic equations which can be written into a matrix form as follows: The elements f i of force vector {f } are given below:
From the solution of Eq. (30) 
Numerical Results
In this paper, displacements and stresses are obtained for square laminated composite plates made up of graphiteepoxy material and subjected to linear thermal loading.
The following properties of graphite-epoxy composite material are used.
where the subscripts 1, 2 and 3 denote properties associated with x, y and z−directions respectively. For the purpose of comparison, results are presented in the following normalized forms.
Discussion of Results
In the preceding section, detail solution procedure for the thermoelastic analysis of laminated composite plates has been discussed. The material properties used in all examples are given in Eq. (34) . The results obtained are presented in normalized form given by Eq. (35) . Normalized thermal displacements and stresses under sinusoidally distributed linear thermal load obtained for orthotropic and laminated composite plates using various higher order theories and lower order theories (FSDT and CLPT) are presented in Tables 1-3 .
Thermoelastic analysis of orthotropic plates
In this section, thermoelastic analysis of specially orthotropic plates is presented according to various plate theories. The plate is subjected to sinusoidal thermal load linearly varying through the thickness of the plate. The thermal displacements and stresses obtained are presented in Table 1 . From Table 1 it may be observed that the normalized in-plane displacements un and vn obtained by all the higher order theories are in tune with each other, whereas FSDT underestimates the values of un and overestimates the values of vn. When plate is thick (b/h = 4 and 10), the FSDT predicts the lower value of transverse displacement compared to those obtained by other higher order theories. The TSDT of Ghugal and Kulkarni [52] predict the lower value of in-plane normal stress σxn whereas ESDT of Karama et al. [56] predict the higher value of inplane normal stress σyn as compared to other higher order theories. The ASDT of Akavci [57] underestimates the value of transverse shear stress τ EE xzn and overestimates the values τ EE yzn when obtained using stress equilibrium conditions. The CLPT shows more error in the results due to neglect of transverse shear deformation. The results also show that the thermal displacements and stresses predicted by various shear deformation theories approach each other as the aspect ratio increases.
Thermoelastic analysis of two layered
(0 ∘ /90 ∘ ) anti-symmetric laminated composite plate
In this section, thermoelastic analysis of two layered (0 ∘ /90 ∘ ) anti-symmetric laminated composite plate is discussed. Both the laminas are assumed to be of the same thickness and made of the same orthotropic material. The numerical results obtained using various theories are presented in Table 2 . From Table 2 it is observed that in-plane displacements predicted by all the theories are more or less same whereas transverse displacement predicted by FSDT and CLPT is on higher side. [7] FSDT 0. [7] FSDT [54] HSDT 0.0166 0.0198 1.1565 0.0347 0.0876 0.0509 0.0000 0.0002 0.0000 0.0002 Karama et al. [56] ESDT 0.0166 0.0198 1.1565 0.0347 0.0876 0.0509 0.0000 0.0002 0.0000 0.0002 Akavci [57] ASDT 0.0166 0.0198 1.1565 0.0347 0.0876 0.0509 0.0000 0.0002 0.0000 0.0002 Mindlin [7] FSDT 0.0166 0. [7] FSDT 0. Table 3 and were found to agree well with each other. Figure 6 and Figure 7 demonstrates the variations of in-plane normal stresses () across the thickness of the plate for aspect ratio 10 whereas Figure 8 and Figure 9 represent the variations of transverse shear stresses for aspect ratio 10.
Conclusions
In the present study various plate theories are used to carry out thermoelastic analysis of cross-ply laminated composite plates. The plate is simply supported at all four edges and subjected to sinusoidal thermal load linearly varying through the thickness of plate. The displacements and stresses predicted by PSDT, TSDT and HSDT are in tune with each other, whereas ESDT and ASDT slightly overestimate the values of transverse shear stress (τyz). The FSDT shows higher values of in-plane normal stress (σx) for all examples. The CLPT shows more difference in the numerical values due to neglect of shear deformation. It is also observed that results produced by all theories approach each other as the aspect ratio increases. Overall, it is observed that, since the plate is subjected to pure thermal load and not subjected to transverse mechanical load, the displacements and stresses predicted by all the theories are more or less same.
